This paper considers whether or not the Bitcoin stably stay in the market as a method of payment using a dual-currency money-search model. In the model, there are traditional money and Bitcoin. The two currencies are classi…ed by the storage cost and the probability that sellers accept particular money for payments. Agents are randomly matched for transactions. To consider substitution e¤ect between monies, we allow new entries every period. In the beginning of each period, new entrants come into the matching process with a unit of money of their choice. A certain number of sellers also come into the same process to maintain the population share of sellers at a constant level. With appropriately chosen parameters, we …nd that there can be stable and instable equilibria of the share of bitcoiners. In this case, a stable equilibrium is a success (bitcoiners take a large share) while the other is a failure (bitcoiners take a marginal share or vanish). However, if the in ‡ation rate of traditional money gets smaller, the successful equilibrium disappears to start approaching the failure even if it is currently widely accepted. Furthermore, welfare comparisons suggest an increase in the share of bitcoiners has a negative e¤ect; hence, the bene…t from reductions in the transaction costs must compensate for the welfare erosion if Bitcoin is accepted as a new kind of payment system. If we are heading to the success, the Bitcoin community or the public authorities need to prepare for protecting the system from several illicit activities.
Introduction
Bitcoin, which has been launched in 2009, is a math-based digital currency project operated by nongovernmental entities. 1 Anyone can obtain bitcoins if the one could solve a math problem (mining). The math problem gets harder as more coins are mined. The math problem is so hard that miners use computers for mining; hence, the money supply is constrained by the progress of computing technologies. Once a coin is mined, it can circulate as an ordinary coin within the Internet. Bitcoins can also be exchanged with other currencies, such as Euro and US dollar (USD). For example, Figure 1 shows the exchange rate with USD at the Mt. Gox that shows a steady increase in its value: from almost zero to $100 in May 2013. 2 According to this chart, it seems Bitcoin is heading to a success to establish a new payment method out of any authority's control.
There are several digital currencies other than Bitcoin such as eBay Anything Point, Facebook Credits, and the likes. Several new projects are also launching, such as Amazon Coin and Ripple. In addition, mileage points of commercial airlines and shopping points of credit card venders, for example, are look-alike of these digital currencies. Why Bitcoin is so focused beyond them? Recently, some major …nancial companies, such as Western Union and MoneyGram, are approaching Bitcoin venders. 3 In addition, public authorities, such as the Fed and the FBI, are also interested in the activities using Bitcoin, as it may help criminal activities such as money laundering and tax evasions, and may be targeted by various cyber crimes. 4 There are three major versions of money-search model: the …rst generation that uses indivisible money and goods (Kiyotaki and Wright [22] ); the second generation model that uses indivisible money and completely divisible goods (Trejos and Wright [34] ); and the third generation model that uses completely divisible money and goods (Lagos and Wright [25] ). 5 The discussion is based on a second-generation money-search model. We extend the basic model by Trejos and Wright [34] to a dual-currency model as Craig and Waller [10] . The reason to use the second generation model is due to its simplicity for extension and its capability of dealing with price di¤erences in methods of payments.
In the dual-currency system, there are two currencies coexisting in a uni…ed market as methods of payments. In place of keeping the seller to buyer ratio constant, this paper allows new entries of sellers and buyers. Accepting new entrants, who observe the previous period's market performance of each currency, allows correlations among parameters within each currency, and eventually an interdependence of shares of traditional money and Bitcoin users. With such a framework, we examine if Bitcoin can stay in the market as a method of payment. In addition, we consider dynamic stabilities of bargaining outcomes and population shares of respective agent types. It is then clari…ed that Bitcoin may fail to exist if the in ‡ation rate is su¢ ciently low relative to the storage cost (or gain) of Bitcoin. Actually, the …nancial crisis in Europe has brought Bitcoin on the stage. To overcome such a time on the cross, bitcoiners may have to accept major …nancial institutions to involve in the community.
The analysis proceeds as follows. Section 2 de…nes the dual-currency framework and provides some basic results. The dual-currency framework is extended to examine the dynamics of population share of bitcoiners in Section 3. In Sections 2 and 3, the key results are also examined by numerical examples. Section 4 argues social welfare with and without Bitcoin. We then conclude the discussion in Section 5. In the conclusion, we summarize the key results and provide scopes for further studies. For reference, Appendix A considers an explicit inclusion of the Bitcoin exchange market to apply the analysis of this paper without modi…cations.
Basic Framework

The Dual-Currency Model
We consider an extension of the second-generation money-search model (Trejos and Wright [34] ) similar to Craig and Waller [10] . In this model, there are a traditional money and a math-based virtual money (Bitcoin hereafter). Each money is used as a medium of exchange. The two monies are indivisible and agents in this model are not allowed to hold more than one unit of them at one time. If an agent holds money, one is called a buyer. If an agent does not hold money, one is called a seller. By storing money beyond a period, in the beginning of the new period, the money holder accepts transferable utility m , where m is an index to identify monies: m = 1 indicates the variable is for traditional money and m = 2 for Bitcoin. For convenience, we may write m-money to refer traditional money and Bitcoin for m = 1 and m = 2, respectively. If m < 0, m-money is costly to store, as ordinary …at money. If m 0, the m-money is not costly to store, as commodity money. Agents live in…nitely long and discount the future by a common moment discount rate r. The length of each period is > 0; for example, the periodical discount rate is then approximately r.
Within each period, agents are randomly matched one-to-one. The frequency of matching is represented by Poisson arrival rate for each moment; hence, is the periodical arrival rate. Without loss of generality, we can set as small as possible to keep < 1 in order for to be the probability of meeting another person. Agents are capable of producing a di¤erentiated good and enjoying products of others.
If an agent consumes q units of merchandise that the one likes, there is a utility repre-sented by u (q), such that u (0) = 0, u 0 (q) > 0, and u 00 (q) < 0. If an agent produces q units of merchandise, as ordered by one's paired partner, there is a cost represented by c (q), such that c (0) = c 0 0, c 0 (q) > 0, and c 00 (q) 0. It is popular to introduce an increasing-return technology in a digital economy. Technically in the second-generation money-search framework, furthermore, an increasing-return technology c 0 > 0 allows a possibility of a de ‡ation economy to have a stable monetary-trade equilibrium. For simplicity, we assume that the preference of each agent is ad hoc and whether or not one likes paired partner's product is random at all, by probability s 2 (0; 1]; hence, s 2 provides the probability of double coincidence of wants. If there is a single-coincidence as such the buyer likes the product of the seller, there is a monetary trade. We de…ne m to be the trade-success rate when there is a single-coincidence that is decomposed as
where m is the probability that the m-money is accepted by the seller. In this sense, as buyer's preference about seller's product, seller's preference about the payment method is also considered as ad hoc. For now, we assume that here is no correlation between the share of bitcoiners in the population m and the trade-success rate m . 6 If a buyer and a seller are paired and the buyer likes seller's product, they bargain over the quantity of trade for a unit of money. In the model, for simplicity, we suppose the quantity is determined by a take-it-or-leave-it o¤er by the buyer. 7 If there is a double-coincidence, the pair can choose either barter or monetary trade. In this analysis, we suppose that pairs with double-coincidence always choose barter transactions, as it is known that they obtain an instantaneous net utility that maximizes the social welfare in the barter trade: max q fu (q) c (q)g. 8 We let V 0 (t) be the value function of a seller from period t on. Similarly, we let V m (t) be the value function of an m-money holder. The Bellman equation of a seller is then given by
where o ( ) is the counting loss function, such that lim !0 o ( ) = = 0 and the probability of trade of any kinds:
The Bellman equation (2) is arranged to get
For 7 ! 0, the Bellman equation (4) reaches
The Bellman equation of a buyer that holds m-money is given by
where is the share of sellers in the population:
Similarly to the Bellman equation of the seller (4), for 7 ! 0, the Bellman of the buyer that holds m-money reaches
Since the buyer makes a take-it-or-leave-it o¤er, the bargaining solution q m = x m = y m is given by equating the IC condition of the seller V m c (q m ) V 0 as
In this case, the value function of the seller is computed as
In addition, di¤erentiating the both sides of the bargaining rule (9) with respect to time provides the motion function of q m as
where _ q m dq m =dt. We substitute value functions (8) and (10) into (11) to get
We search equilibrium that satis…es _ q m = 0. Since c 0 (q m ) > 0, we now …nd the equation that provides law of motions of q m as
and the equilibrium is determined as depicted in Figure 2 , where LHS and RHS denote the left-hand-side and the right-hand-side of the inequality (13) . In this …gure, the black bullet (q m = q m hereafter) represents the stable equilibrium and the hollow circle the instable one.
To guarantee the existence of a stable monetary trade equilibrium q m 2 (0; q m ), where q m solves u ( q m ) = c ( q m ), 9 parameters have to be appropriately chosen (i.e., choosing modest storage cost).
If the parameter set is not appropriately chosen, the stable equilibrium disappears. If the intercept of LHS (1) is less than the intercept of RHS (1), rc 0 m < m c 0 , only the instable equilibrium can exist, but a small perturbation drives out the instable equilibrium to q m = 0 or q m = q m . If LHS (1) locates above RHS (1) for each q m , the stable and the instable equilibria disappear and the market approaches q m = q m . In case of q m = 0 or q m = q m , the value of monetary transaction using m-money vanishes and then m-money cannot stay in the market as a method of payment.
It is noteworthy that the equilibrium of our dual-currency model behaves as if a standard single-currency model à la Trejos and Wright [34] so long as the share of sellers in the entire population 1 ( 1 + 2 ) is …xed and there is no correlation between 's and 's, as the equilibrium of m-money is dependent only on own parameters, such as m and m , and common parameters, such as , , and r. Proof. Since there is no correlation between 's and 's, From (13) shows that an increase in m makes a downward shift of RHS in Figure 2 to reduce q m . Similarly, an increase in m makes a downward shift of LHS to reduce q m ; hence, dq m =d m < 0 and dq m =d m < 0. Changes in k and k (k 6 = m) do not a¤ect (13) ; hence, dq m =d k = dq m =d k = 0.
New Entries
The basic framework is de…ned to be similar to Craig and Waller [10] . We now introduce new agents that observe the market of previous period to come into the matching process in the beginning of current period. To enter the process, there are three options: (1) entering as a traditional-money holder, (2) entering as a bitcoiner, and (3) entering as a seller (non money holder). In order to keep constant, the population of new sellers is given exogenously depending on the population of new buyers.
We suppose that the hours to work to obtain a unit of money m for agent i to join the matching process is given by L 
where
To compute the left-hand-side of conditions (14) and (15), V 1 V 2 , we consider
which provides
Thus, V 1 V 2 is computed as
Axiom 1 If Bitcoin is normal, an increase in 2 increases the share of bitcoiners; hence, dD=d 2 > 0. Similarly, in this case, an increase in 2 increases the share of bitcoiners; hence, dD=d 2 > 0.
Based on conditions (14) and (15) and Axiom 1, we …nd the distribution of shares of respective money types, as depicted in Figure 3 . This …gure plots D ( 2 ; : : : ) = V 1 V 2 in the right-half space to take i for the vertical axis. In the left-half space, the density function f ( ) is placed in order to obtain the shares of respective money types in the population of new entrants: the darker area corresponds to the share of bitcoiners, F ( ), and the brighter area the share of traditional-money holders, 1 F ( ).
Proposition 1 If Bitcoin is normal as in Axiom 1, for a given 2 , the share of bitcoiners in the population of entrants increases if 1 decreases (e.g., further in ‡ation of traditional money) or 2 increases (e.g., further de ‡ation of Bitcoin).
Proof. By symmetry of the problem described in (18) , the sign of derivative of D-function with respect to 1 is opposite to the sign of dD=d 2 ; hence, Axiom 1 implies dD=d 1 < 0 by dD=d 2 > 0. Therefore, a decrease in 1 and an increase in 2 make upward shifts of D-function in Figure 3 . This implies an increase in the share of bitcoiners for a given 2 , as stated in this proposition.
A Numerical Example
For numerical analysis, we provide utility and cost functions as u (x) = log (x + 1) and c (y) = 0:1y + 0:5:
We assume that the probability that a traditional-money holder always likes seller's product and the seller always accept traditional money for payment; hence, 1 1. Bitcoin holders also always like respective seller's product. However, some sellers do not accept bitcoins for payment. In this case, we have 2 < 0. The share of sellers in the population and the arrival rate are a half ( = 0:5 and = 0:5). The traditional money is costly to store and its in ‡ation rate is given by either 3% or 5% ( 1 = 0:03 or 0:05). The discount rate is supposed to be 5% (r = 0:05).
Using above parameters, Figure 4 shows the result for 2 2 [0; 1] and 2 = f 1%; 1%; 2%g that are consistent with Axiom 1 and Proposition 1.
3 Dynamics of the Share of Bitcoiners
An Extension
We allow a correlation between m and m that implicitly allow a correlation between traditional money and Bitcoin. In this case, Remark 1 does not hold as it is due to feedback e¤ects, but the independence between the two currency is still held. The revision of the remark is formally provided as follows.
Remark 2 If there is a correlation between m and m , Remark 1 holds as partial e¤ects instead of total e¤ect; hence, @q m =@ m < 0 and @q m =@ m < 0, but the independence between the currencies is still held: dq m =d k = dq m =d k = 0 for k 6 = m.
For more detailed arguments, we extend our model by setting up the rule of correlation of the two parameters. We suppose s is constant overtime. In this case, the dynamic version of m is given by
We assume that sellers always accept traditional money while they may not accept bitcoins:
The correlation between m and m is actually a correlation between m and m , as s is stationary and of buyer's preference; hence, the relationship between m and m is obtained as
where 1 represents the inverse function of -function. In order to make bitcoins attractive, we assume that there is a positive acceptance rate even if nobody is a bitcoiner (or to say before launching Bitcoin). In addition, all sellers need to accept bitcoins if all buyers are bitcoiners. In equation, the two conditions are written as
Letting N 2 (t) be the population of bitcoiners in period t, the share of bitcoiners in period t is arranged to get
where N (t) represents the total population and n (t) the population growth rate given by
By de…nition, the population of bitcoiners increases in period t by
2 ) determined by 2 (t) as shown in Figure 3 ; M (t) represents the population of buyers (sum of traditional-money holders and bitcoiners); and M (t) the increase in the population of buyers. By assumption, the share of sellers in the population is …xed at ; hence, the population of buyers satis…es
In order to compute (24), using (26) and (27), we arrange N 2 (t) =N (t ) as
We then substitute (28) into (24) to get
Let _ 2 2 (t) 2 (t ) be a periodical change in the share of bitcoiners to arrange (29) to get
We search equilibrium that satis…es _ 2 = 0 by taking 7 ! 0 in (30) and substituting
into it. The condition to verify dynamic stability of equilibria is then provided as
Since is determined by 2 via D ( 2 ; :::), (32) is eventually written only with 2 as
The phase diagram based on the stability condition (32) is depicted in Figure 6 , where LHS (2) and RHS (2) denote the left-hand-side and right-hand-side of condition (32), respectively. In this diagram, -function (or g-function equivalently) is depicted as a linear function. 11 In addition, the left-hand-side of inequality (32) is derived from the cumulative distribution function and a monotonically increasing D-function. Thus, the left-hand-side of inequality (32) keeps basic characteristics of cumulative distribution function and the locus in the …gure must be as depicted. Prior to make further discussions, we con…rm the existence of at least one equilibrium by the next remark.
Remark 3 There exists at least one stable equilibrium. This implies that such an equilibrium is stable.
As Figure 6 shows, if key values are appropriately chosen, we …nd two stable and an instable equilibria. However, any of these equilibria are shown to be degenerate. For further discussions, we propose another axiom regarding matching equilibrium.
Axiom 2 If monies are in stable matching equilibria, primary e¤ects dominate respective feedback e¤ects.
If a large number of sellers declares to accept bitcoins before launching Bitcoin, or s (0) exceeds a certain level, in contrast, the instable equilibrium and the failure one disappear, as RHS (2) shifts rightward. Only the success equilibrium may realize then (á la big-push theory). A similar result with the big-push in a reverse causality is proposed by Martin [27] . In his analysis, "single-currency equilibrium" realizes when the money supply rapidly increases to substitute the other money. If the preference is represented by a so small s, RHS (2) locates further left in Figure 5 , the instable equilibrium and the successful one seize to exist. Only the failure equilibrium may realize then. If RHS (2) shifts from left to right, the two stable equilibria, if they exist, move from left to right; hence, 2 and 2 maintain a positive correlation in stable equilibria. 12 There are potential risks of counterfeiting, or double-spending, and such risks a¤ect 2 . The math problem for counterfeiters are designed to be much more di¢ cult than obtaining genuine bitcoins, as each coin has blocks that are added after each transaction. In order to protect Bitcoin from counterfeiting, o¢ cial venders add blocks faster than a computing speed of counterfeiters. This strategy looks like an arms race between groups of o¤enders and potential victims, as studied in Ehrlich and Saito [17] . The di¤erence is the weapon to use. In the arms race, weapons are strike capabilities. In Bitcoin, the weapon is math.
Is the cost of counterfeiting bitcoins really high? Crackers use computers, so that counterfeiting de…nitely consumes computing resources while it may not impose too much cost on crackers themselves. They can enjoy other activities while their computers are running to win the race. A lower counterfeiting cost increases the risk of counterfeiting. In a random-matching literature, Green and Weber [18] …nd out the basic relationship between counterfeiting risks and counterfeiting costs, [37] discusses a problem in private money and its counterfeiting risk, and Cavalcanti and Nosal [6] consider a mechanism design to depress counterfeiters in a monetary economy with private money. 13 Among them, Nosal and Wallace [29] propose the most naïve insight about a monetary equilibrium with a counterfeit. In their analysis, if they apply the intuitive criterion Cho and Kreps [8] , illegal tenders cannot stay in circulation in the monetary-trade equilibrium. In such a case, the cost of counterfeiting must be su¢ ciently high, otherwise, illegal tenders may stay in circulation. If illegal tenders stay in circulation, in contrast, the monetary-trade equilibrium fails to exist. Li and Rocheteau [26] extend this argument to show impacts of threats of counterfeiting that a¤ect the value of the legal tender. 14 Threats of counterfeiting, which reduce the value of money, will make a leftward shift of RHS (2) in Figure 5 , as sellers increase suspicions about bitcoins when threats of counterfeiting and double-spending increase. As a result, threats of counterfeiting and double-spending reduce the share of bitcoiners in the stable equilibrium. In some cases, the successful equilibrium disappears to reach the failure one, similarly as Nosal and Wallace [29] propose. Bitcoin is a network-based peer-to-peer currency and that enables venders to cancel coins immediately once it is found particular coins involve in illicit activities. This implies that potentially the Bitcoin venders are capable of providing su¢ cient threats of punishment to enforce public rules. However, even in the digital economy, punishments and enforcements are costly, as monitoring activities consumes computing resources and investigations use human resources in the real world. The question is the feasibility for us to ask the Bitcoin community to prepare to be such an authority. If it is infeasible, we may have to accept governmental entities to involve in monitoring and investigating activities. In accordance with Camera [3] , in a random-matching environment, for example, an over-supplied money increases transactions associated with money laundering. In this case, an advantage of Bitcoin seems the limited money supply. However, Bitcoin is an addition to the existing monetary system and it increases supply of medium of exchange. An increase in money laundering is not only caused by Bitcoin, but also externality e¤ect of other currencies. Without interventions of public entities, the Bitcoin society may have to provide excessive resources against money laundering inclusive of such side e¤ects. A rational choice is to compare the cost and bene…t of accepting governmental entities and the demand and supply of illicit activities as discussed in literatures in economics of crime: for example, Becker [1] and Ehrlich [13, 14, 15, 16] . 15 Bitcoin is also a kind of private money. Usually, private monies are backed up by reserve funds and credibility of private-money providers. The credibility is, for example, measured by the capability of the issuer bank to choose a good investment project (Williamson [36] ). Issued private notes are liabilities and receivers (sellers) are anxious about the credibility of each private money. In case of Bitcoin, the Bitcoin vender does not make investment as ordinary banks. This indicates that the credibility, or sustainability, of Bitcoin depends only on the market value at the exchange and the purchasing power. A decrease in the credibility makes a leftward shift of RHS (2) in Figure 5 , similarly as an increase in the threat of counterfeiting or double-spending.
Next, we consider changes in 's under Axioms 1 and 2 to apply Remark 2. Let 2 be …xed. A decrease in the in ‡ation rate of traditional money reduces the value of D-function (cf. Proposition 1 and Figure 4 ). The locus of LHS (2) then shifts downward and it may drive out the instable equilibrium and the successful one. In turn, let 1 be …xed instead of 2 . A decrease in the bene…t of holding bitcoins again reduces the value of D-function (cf. Proposition 1 and Figure 4) . Similarly, the locus of LHS (2) then shifts downward and it may only leave the failure equilibrium. If LHS (2) shifts from up to down, the two stable equilibria, if they exist, move from right to left; hence, there is a positive correlation between 2 and 2 and a negative correlation between 1 and 2 . 16 Usually, interest and in ‡ation rates are determined by productivity of an issuer bank and money supply. However, as stated, Bitcoin does not have reserve funds and investment plans, as ordinary private money issuers. Thus, the real interest rate of Bitcoin 2 is determined by the in ‡ation rate of traditional currency and the expected capital gain from Bitcoin. In these three years, the exchange rate at Mt. Gox, Bitcoin continues rising steadily as shown in Figure 1 from almost zero to above $100. An expectation of a larger capital gain will make a leftward shift of RHS (2) in Figure 5 to approach the success. A strong market trend may raise the acceptance rate 2 to make another shift of LHS (2) to reinforce the success of Bitcoin.
A money ‡ow from traditional currencies to Bitcoin is caused by an increase in the in ‡a-tion rate of traditional currency (especially in Europe) as well as a strong Bitcoin exchange market trend. It implies that Bitcoin may not success if the in ‡ation rate of major traditional currency goes back to a lower level and the market trend is weakened. The success of Bitcoin seems vulnerable to a decrease in the relative bene…t 2 1 and vice versa for traditional currencies. Rocheteau [31] studies a choice between …at money and assets based on informational transparency and capital gains. This argument can also be applied to discuss the choice between Bitcoin and traditional money to reach an analogous argument as ours in conjunction with 2 and 1 2 . A similar vulnerability result in a multiple currency system is, for example, also discussed in other contexts such as Chang et al. [7] , Martin [27] , Nosal and Wallace [29] , Williamson [36] , and many others. Money has a role to reduce informational asymmetry in transactions, for example, as discussed by Ostroy [30] and Berentsen and Rocheteau [2] . A disadvantage of private money in the informational asymmetry, as discussed in Williamson [36] and Cavalcanti et al. [5] , does not exist, or ignorable, since Bitcoin is entirely market-based and everything is disclosed. This is an advantage of Bitcoin as a private money. However, as Cavalcanti et al. [5] suggests, in a random matching environment, where claiming is stochastic, the Central Bank or an alternative authority needs to stabilize the …nancial system including private monies by controlling reserve funds. A su¢ cient reserve fund protects the …nancial system and it protects the …nancial system from the crash. However, Bitcoin has no reserve system. In other words, the credibility of Bitcoin entirely depends on the exchange market and a minor turmoil in a Bitcoin exchange may be magni…ed to su¤er the basis of Bitcoin to crash (á la Kiyotaki and Moore [21] ). For example, a turmoil may result in a leftward shift of RHS (2) and a rightward shift of LHS (2) in Figure 5 (Appendix A shows another approach by explicitly including the exchange market). Thus, we cannot allow a server down by a DDoS attack as the Mt. Gox has experienced in April 2013. 17 This result is also consistent with Camera et al. [4] that allow agents to keep two units of currencies (without new entries, however) in a study of dollarization. In their study, dollarization is avoided so long as the national currency is su¢ ciently safe. The currency substitution e¤ect in our model is implemented by allowing new entries instead of allowing holding more than one unit of money. In the context of this paper, "Bitcoinization"is avoided so long as traditional currencies are su¢ ciently safe. For general assessments, theoretical results are summarized in the next proposition.
Proposition 2 Let us consider a stable equilibrium under Axioms 1 and 2 whose existence is backed up by Remark 3. The share of bitcoiners increases as bitcoins get more accepted for payments. The share of bitcoiners decreases as traditional money gets less costly to store compared with bitcoins. If there are two stable equilibria, one is successful and the other is failure. The successful equilibrium is likely to realize when there is a big-push or a higher in ‡ation in traditional money.
A Numerical Example (Continued)
We continue on the functions and parameters provided in Section 2.3. The additional functions and parameters are given as follows.
We suppose that 2 is 5% if nobody is a bitcoiner and 100% if everyone is. For simplicity, we assume that is a linear function and s = 1. In this case, we …nd the relationship between 2 and 2 , as -function, to be 2 = 0:95 2 + 0:05;
We suppose (L
2 ) N(0:03; 0:025). Figure 6 (Left) then depicts the result when the in ‡ation rate of traditional money is 5% ( 1 = 0:05). In this …gure, points A and C are stable and B is instable. Between the two stable equilibria, A is a failure equilibrium, as the share of bitcoiners vanishes, while C is a successful one, as bitcoiners take a large share. This example also shows that Bitcoin cannot stably stay in the market as a payment method unless sellers accept bitcoins exceeding the level given by point B.
As shown in Figure 4 , a decrease in the in ‡ation rate of traditional money makes a downward shift in D ( 2 ; :::). This implies that it also makes a downward shift in F [D ( 2 ; :::)], as depicted in Figure 6 (Right). In this …gure, the in ‡ation rate of traditional money is 3% (the same -function is applied). This decline in the in ‡ation rate wipes out equilibrium points B and C, and then the economy start approaching the vanishing point, A in Figure  6 (Right), even if the economy stably stayed around the stable equilibrium, C in Figure 6 (Left), before the change. The obtained results con…rm a consistency with the axiom-based theoretical discussion in Section 3.1.
Welfare Comparisons: A Discussion
We have to know how much bene…cial to keep Bitcoin. However, in our framework, it is ambiguous whether the successful equilibrium generates a higher welfare level than the failure one, as the social welfare is computed as
This social welfare function is rearranged as
Proposition 3
The social welfare is decreasing in the share of bitcoiners if generating bitcoins is easier than obtaining traditional money.
Proof. Di¤erentiating (35) with respect to 2 provides
By de…nition, V 1 V 2 holds for 0. In this case, as dq 1 =d 2 = 0 (Remark 2), an increase in 2 reduces V 1 since the expectation to obtain a higher value, V 1 , declines as -function; hence, dV 1 =d 2 0 and then dW =d 2 < 0. If < 0, dW =d 2 0 may hold, so long as F ( ) < dV 1 =d 2 f ( ), where dV 1 =d 2 > 0 and f ( ) < 0. Therefore,W is an increasing or a hump-shaped function for while it is a decreasing function for 0. Next, -function provides a positive correlation between 2 and 2 . As (L i 1 L i 2 ) determines the cuto¤ level for conditions (14) and (15) for each 2 , 0 indicates that generating bitcoins is easier than obtaining traditional money. Therefore, an increase in the share of bitcoiners reduces the social welfare for 0.
Numerical examples to con…rm Proposition 3 are shown in Figure 7 . In this …gure, 2 to assign = 0 for 2 = 1% and 1 = 3% for (1 ) V 1 holds. The examples also con…rm thatW is decreasing in 2 for 0 and it is hump-shaped for < 0, as stated in the proof of the proposition. In accordance with our result, the single-currency system is more preferable. If Bitcoin is not so bene…cial in the end, we should abandon bitcoins. Bitcoin is a kind of international currency. As proposed by Matsuyama et al. [28] , a uni…ed currency may reduce the welfare level, as merchants specialize in productions of general goods instead of locally tailor-made ones, which could be traded only between locals, as sellers choose to larger opportunities to trade with general goods. In this study, in contrast, a less acceptability as a payment method generated a welfare-decreasing result, as buyer's preference is completely ad hoc.
Our Proposition 3 and Matsuyama et al. [28] propose negative results for Bitcoin to improve social welfare. When we consider welfare gains from Bitcoin, however, we also need to take into account for the vehicle currency issue. If Bitcoin takes a role as a vehicle currency, it provides further bene…ts by eliminating fees for one-to-one exchanges. 18 In this case, the welfare erosion by an increase in the share of bitcoiners as must be compensated by the reduction of foreign exchange cost, which is what Bitcoin actually aims at. In addition, Devereux and Shi [11] , for example, claim that the welfare of countries within the vehicle currency system is eroded by a higher in ‡ation rate of the center country. In this sense, such an erosion of welfare is reduced by making Bitcoin a vehicle, as its in ‡ation rate is subject to the math problem that eventually becomes unsolvable within a reasonable time (no money-supply growth then). According to Devereux and Shi's study, there is also a possibility of coexistence of multiple vehicle currencies depending on respective storage cost (in ‡ation rate). Therefore, there is a possibility that USD, Euro, and Bitcoin can coexist and it can still have a room for improving social welfare. Once we decide to accept Bitcoin as a new method of payment, we need to go back to the argument how to maintain the Bitcoin system healthy, inclusive of discussions whether or not accepting involvements of public authorities, as discussed in the previous section.
Concluding Remarks
In order to examine the potential sustainability of Bitcoin, this paper has analyzed a dualcurrency money-search with new entries keeping the buyer-seller ration constant. We then have found that sustainability of Bitcoin may be vulnerable to a decrease in the in ‡ation rate of a major currency and a decrease in the credibility of Bitcoin. Such criteria for the sustainability is analogous to ordinary money except for the fact that Bitcoin is not based on traditional banking system. Bitcoin is based only on the market. The theory predicts that Bitcoin can coexist with traditional money so long as the in‡ation rate and credibility issues are cleared. In such a case, however, an increase in the share of bitcoiners reduces social welfare, as sellers may reject Bitcoin for payments. We then need to consider if we accept Bitcoin as a new method of payment. If Bitcoin cannot reduce transaction costs su¢ ciently, it is better to abandon Bitcoin. If we accept Bitcoin, we still need to control the system appropriately against several criminal activities, such as money laundering, tax evasions, counterfeiting (double-spending), cracking, and the likes. Tracking transactions seems much easier than traditional currencies, but there are a huge monitoring cost due to the size of the data. Even if Bitcoin is hard to copy and based on a secure system, even the existence of threats of counterfeiting a¤ects the value of Bitcoin. In addition, without public entities, the Bitcoin community may have to provide resources against illicit activities inclusive of the ones caused by external e¤ects. The decision to accept/reject involvements of public entities should be done with rational thoughts, such as comparisons of cost and bene…t in conjunction with demand and supply of o¤enses.
Let us suppose Bitcoin is accepted as a part of current payment system and approaching the success equilibrium. Its public responsibility then becomes further signi…cant. This implies that the Bitcoin community prepare for protecting the system from several illicit activities and market turmoils. For the protection, large …nancial and human resources are needed. For the community, it is the time on the cross, as they need to decide whether or not admit public authorities to involve in Bitcoin. If they reject public controls, they need su¢ cient resources (funds) or public authorities may need to compulsorily intervene the Bitcoin system. To what extent the authorities involve in Bitcoin is then determined, for example, by comparisons between costs and bene…ts in the market for o¤enses. If public authorities involve in the Bitcoin community, as a positive side e¤ect, the acceptance rate may improve to improve the social welfare level in the equilibrium. If Bitcoin likely fails to exist in the near future, for example, by a decrease in in ‡ation rates of major traditional currencies or a so weak Bitcoin-market trend, public authorities do not need to involve in Bitcoin so much. Retrieved March 21, 2013, from http://online.wsj.com. 5 Rupert et al. [33] provides a detailed survey for the …rst and the second generation models, and
Williamson and Wright [38] summarize the recent developments in this …eld including the third generation model. 6 The independence between m and m is eased in Section 3. 7 This simpli…cation is popular in money-search literature. It is known that the social welfare reaches e¢ cient level when buyers make take-it-or-leave-it o¤ers. In addition, the basic behavior of the model is maintained so long as the bargaining power of compaired models are on the buyer's side -for example, please see Saito [19] that also shows models that assign relatively larger bargaing power to sellers violate participation constraint. However, in a dual-currency framework, this simpli…cation delete impacts of the other currency in seller's value function. 8 In particular, when an agent process a barter transaction, one's continuation value is u (x) c (y) + V m V m = u (x) c (y). In barter trade, we assume agents have even bargaining powers. In this case, by symmetry of agents'problem, we have x = y = q, and then the bargaining solution coincides with the social optimum. 9 Incentive compatibility conditions of sellers and buyers are V m c (q m ) V 0 and u (q m ) + V 0 V m , respectively. If the two conditions are simultabeously satis…ed, u (q m ) c (q m ) 0 must be satis…ed; hence, q m is the upper bound of monetary trade. 10 The transformation rate i di¤ers one-by-one, as one may obtain Bitcoin at eBay and the other at Mt.
Gox. Auction prices are not uniform even if several transactions are made simultaneously. In addition, individuals have di¤erent network environment and skills to a¤ect i . 11 Linear -function is su¢ cient to present important results so long as it is a monotonically increasing function. 12 In the instable equilibrium, there is an opposite correlation between m and m . 13 In Wallace [37] and Cavalcanti and Nosal [6] consider this problem under an assumption that private money has is intrinsically much easier to counterfeit than legal tenders. In case of Bitcoin, it is still ambiguous. 14 Kultti [23] and Soller-Curtis and Waller [32] also study impacts of illegal tenders in monetary economy in random matching environment when not only threats but illegal tenders do circulate to reduce the value of legal tenders and to invite a welfare loss when there is a su¢ cent supply of legal medium of exchange. 15 O¤enders supply o¤enses and potential victims "derive" demands for o¤enses. In particular, potential victims that are less prepared against criminal activities derive lager demands for o¤enses. 16 In the instable equilibrium, there are opposite correlations between 's and 2 . 17 The detail in given by the o¢ cial press release at https://mtgox.com/press_release_20130404.html. 18 Or to say a vehicle currency is introduced in order to minimize such costs from one-to-one exhcnages (for example, Jones [20] , Chrystal [9] , Krugman [24] ). 
